Introduction
The study of class-preserving automorphisms of finite groups has its origin in ninteenth century. But the first group having class preserving outer automorphisms was invented by W. Burnside in 1911 [2] . This group is a finite p-group having order p 6 , where p is an odd prime. After this in 1947, G. E. Wall [13] constructed a class of finite groups having class preserving outer automorphisms. In 1966, H. Liebeck [6] and in 1968, C. H. Sah [10] studied finite groups with class-preserving automorphisms. This problem has attracted a great deal of attention in few recent years.
We denote by Aut c (G) and Inn(G), the group of class preserving and inner automorphisms of a given group G respectively. Out c (G) = Aut c (G)/Inn(G) denotes the group of class preserving outer automorphisms of G. Recently T. Ono and H. Wada [7] , [8] , [9] , [11] , [12] recognised some classes of groups with Out c (G) = 1. We [4] proved that Out c (G) = 1 for all finite groups of order p 4 , p prime. We [5] took up another class of finite p-groups and showed, along with some other results, that there exist finite 2-groups G with Out c (G) = 1. In particular there exist groups G of order 2 5 such that Out c (G) = 1. Recently M. Hertweck [3] has identified the structure of a class of finite groups with Out c (G) = 1.
Let G be any finite group and τ, τ * ∈ Aut c (G). τ and τ * are said to be equivalent if there exists an element u ∈ G such that gτ
It is easy to observe that τ ∈ Inn(G) if and only if τ * ∈ Inn(G).
In this research note we take a finite p-group G, p prime such that (a) G has a normal subgroup H; (b) there exists an element y ∈ G, y / ∈ H such that order of y is p n , y p ∈ ζ(G) and each element g ∈ G can be written as g = h y i , h ∈ H, 1 ≤ i ≤ p n , where ζ(G) denotes the center of G. We prove the following in section 2 Theorem 1.1. Let G be the group stated above. Let τ ∈ Aut c (G) such that for all x ∈ H, xτ = (uy i ) −1 x(uy i ), where u is a fixed element of H and 1 ≤ i ≤ p n . Then τ ∈ Inn(G).
Simple consequences of this theorem are Corollary 1.1. Let G be the group as defined above. Let H is Abelian. Then Out c (G) = 1.
Corollary 1.2. Let G be a group of order p n having an Abelian subgroup of order p n−1 . Then Out c (G) = 1.
In section 3 we apply these results to prove Theorem 1.2. Let G be a finite p-group of order p 5 , where p is an odd prime. Then Out c (G) = 1.
In view of the definition of "Hasse principle" given in [5] , theorem 1.2 can also be stated as Let G be a group of order p 5 , p an odd prime. Then G enjoys "Hasse principle".
In the concluding section we give some remarks on class preserving automorphisms of a finite group G which is a semidirect product of its subgroups.
A group G which is a semidirect product of its subgroups H and K will be written as G = H]K. We write maps on the right. [x, y] denotes x −1 y −1 xy -the commutator of x and y.
Proof of Theorem 1.1
Let G be the group as taken in theorem 1.1. Observe the following: (i) For each τ as in theorem, for all x ∈ H, xτ = (uy k ) −1 x(uy k ), where u is a fixed element of H and 1 ≤ k ≤ p.
(
For each τ as in theorem, we can assume that yτ = y. For let yτ = (wy j ) −1 y(wy j ), where w ∈ H and 1 ≤ j ≤ p. Define τ * : G → G by gτ * = (wy j )(gτ )(wy j ) −1 . Then τ * ∈ Aut c (G) such that τ and τ * are equivalent and yτ * = y. Now observation follows from introduction. (iv) for each x ∈ H, there exist a unique element uy j such that xτ = (uy j ) −1 x(uy j ) up to the condition (uy j ) −1 x(uy j ) = (uy rp+j ) −1 x(uy rp+j ), where r is some non-negative integer.
We need the following Lemma 2.1. Let G be the group and τ ∈ Aut c (G) as given in the theorem 1.1 Define
Note that some of H i may probabily be equal to H 0 . Proof. Notice that u −1 xu meets every element of H as x runs over H. Then it follows that H 0 = C H (y) and
where |t| denotes the positive value of the integer t, proving H i ∩ H j = H 0 . Other things follow straight way.
We also need the following well known result Lemma 2.2. Let G be any group. Then it is not possible to write G = H ∪ K for any two proper subgroups H and K of G.
We will be using lemma 2.1 and the above observations throughout the proof without mentioning explicitely.
Proof of the theorem. Let τ be the automorphism as given in the theorem. As observed above we can assume that yτ = y. Assume that τ / ∈ Inn(G). Let
Observe that H 1 is a subgroup of H such that
We use induction on the number of such type of subgroups of H. Let in this manner we have defined m − 1 subgroups of H such that
Which gives a contradiction for the choices of a and b. Without loss of generality assume that ba ∈ H 3 . Consider the element ba 2 ∈ H. If ba 2 ∈ H 1 then b ∈ H 1 , if ba 2 ∈ H 2 then a 2 ∈ H 2 and if ba 2 ∈ H 3 then a ∈ H 3 . So in all these three situations we get a contradiction. Thus
We use induction on the powers of a.
This gives a contradiction in view of lemma 2.1.
Applications -Proof of Theorem 1.2
Through out this section p is an odd prime and G will denote a group of order p 5 generated by the set S = {x 1 , · · · , x 5 }. It is worth mentioning here that this generating set may not be a minimal basis for G. It is well known [1] that class of all these groups G can be divided in the following two classes:
(A) the groups G having an Abelian subgroup H of order p 4 generated by {x 1 , · · · , x 4 }; (B) the groups G having an Abelian subgroup K of order p 3 generated by {x 1 , · · · , x 3 }, but having no Abelian subgroup of order p 4 . It follows from Corollary 1.2 that for a group G in the class (A) Out c (G) = 1. Now take the groups G as at (B). Then G always has a non-Abelian subgroup H of order p 4 . As the class of these groups is not too large, we mention partial presentations of all these groups here except one group. It should be understood that the generators x 1 , x 2 and x 3 always commute with one another, x −1 4 x 3 x 4 = x 1 x 3 and x 1 , x 2 commute with x 4 . α will denote the pth primitive root of unity and k some positive integer.
>, for p = 3 this group is same as the preceeding group for n = 1;
One can observe that these presentations are not complete. We did not mention the orders of generator because for our purpose that is useless. An interested reader should consult [1] . It is obvious that x p 5 ∈ ζ(G). Let H =< x 1 , · · · , x 4 >. Then H is a non-Abelian normal subgroup of G having order p 4 . It is easy but no way exhaustive to prove for a group G as above that every element g ∈ G can be written as x
5 , where α i are non-negative integers and for each τ ∈ Aut c (G),
Observe that each element g ∈ G can be written as g = x
. By using given relation we have
Observe that the value of x 2 τ depends only on α 5 -the power of x 5 , the value of x 3 τ depends only on the powers of
By using theorem 1.1 it follows then that for all groups G as at class (B), Out c (G) = 1. Now we consider the last remaining group (which was excluded from the list as at (B)) 5 , where α i are non-negative integers, 1 ≤ i ≤ 5. Let τ ∈ Aut c (G) such that x 5 τ = x 5 . x 1 τ = x 1 as x 1 ∈ ζ(G). By using given relations we have
, where α i , β j and γ k are non-negative integers such that 1 ≤ α 5 , β 5 , γ 5 ≤ p 2 . Again observe that the value of x 2 τ depends only on the power of x 5 , the value of x 3 τ depends only on the powers of x 4 and the value of x 4 τ depends on the powers of x 3 and x 5 only. If we take u = x
Any power of x 5 will work for x 3 as x 3 τ does not depend on the power of x 5 .
Since τ is an automorphism, we have x 2 x 4 τ = x 2 τ x 4 τ . Now for x 2 x 4 there exists element u x 4 and 1 ≤ j ≤ p 2 such that
5 , we can take α 5 ≤ p − 1 and γ 5 ≤ p 2 − 1. We have α 5 ≡ j (mod p) as order of x 1 is p and γ 5 ≡ j (mod p 2 ) as order of x 3 is p 2 . Then from first congruence, either α 5 = j or j = p + α 5 . If α 5 = j, then from second congruence we have
giving γ 5 = α 5 and τ ∈ Inn(G). If j = p + α 5 , the second congruence gives
Which gives τ ∈ Inn(G) proving that Out c (G) = 1. This completes the proof of theorem 1.2.
Some Remarks
Let us consider the group
. This is a group of order p 6 , p an odd prime constructed by W. Burnside [2] . For this group G, Out c (G) = 1. We use this group as an arrow to shoot the following three different targets: T1 Let G be finite group such that G = H]K, where H is a nonAbelian normal subgroup of G and K is a cyclic subgroup of order p, an odd prime. Let Out c (H) = 1. Is it true that Out c (G) = 1 ?
If H is Abelian then it follows from corollary 1.1 that Out c (G) = 1. For an extraspecial p-group G it follows that Out c (G) = 1. The group G * can also be presented in the following two ways: (i) G = H]K, where H is a non-Abelian normal subgroup of order p 5 generated by {x 2 , x 3 , x 4 , y, z} and K =< x 1 >. It follows from theorem 1.2 that Out c (H) = 1. (ii) G = H]K, where H is an elementary Abelian normal subgroup generated by {x 3 , x 4 , y, z} and K =< x 1 , x 2 >.
Thus it follows that for the groups G as in T1 and T2, Out c (G) = 1 is not true in general. Observe that the group considered above is a special p-group. Thus for a special p-group G, Out c (G) = 1 is not true in general and T3 has been shooted.
If we take p = 2 in the groups G as at T1 and T2, then also Out c (G) = 1 is not true in general. Following are the examples G = < x, y, z | x 2 m−2 = 1 = y 2 = z 2 , zyz = yx 2 m−3 , yxy = x 1+2 m−3 , zxz = x −1+2 m−3 > G = < x, y, z | x 2 m−2 = 1 = y 2 = z 2 , zyz = y, yxy = x 1+2 m−3 , zxz = x −1+2 m−3 > . The first group is of type T1 and the second of type T2 for p = 2. For these groups Out c (G) = 1. For proof see [5] , [13] .
